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I. INTRODUCTION 
There are many engineering problems in which the interaction of waves in 
a nonlinear medium is of interest. The interaction may be between waves of 
the same frequency with different forms of energy or the waves may be of 
different frequencies but having the same form of energy. For example, the 
interaction of electromagnetic and pressure waves in a plasma occurs for 
both waves of the same frequency whereas waves in a parametric amplifier 
are of different frequencies. This paper will describe a mathematical method 
of analyzing the interaction of waves under such circumstances. 
The functional equations [I] and recursive equations [2] for a single mode 
problem have been described elsewhere and will not be treated here. The 
main interest of this paper is to extend the invariant imbedding theory to the 
multimode problem. The functional equations as well as the recursive 
equations for several modes will be derived. 
It will be shown that the multimode equations are quite similar to those of 
a single mode with the exception that all equations are in matrix forms. It has 
been shown that the functional equations for the reflection coefficient of an 
inhomogeneous transmission line is of the Riccati form. The coupled mode 
theory will have a matrix Riccati equation as one of the functional equations. 
Redheffer [3] and Reid [4] have discussed the matrix Riccati equation but 
did not indicate the usefulness of the equations in problems. 
The theory as formulated in this paper will be directed to the interaction 
of electromagnetic fields although the theory is valid for other types of waves. 
The equations are currently being used in analyzing plasma waves [Sj, 
parametric amplifiers, and elastic waves in a solid. 
II. COUPLING STRUCTURE 
Consider a nonlinear transmission of such characteristics that two propa- 
gating waves can interact and exchange energy. Assume that the transmission 
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line (or medium) extends from x = 0 to X. Let Ei, and Et3 (of different 
frequencies) be incident on the left end (X = 0) and El2 and Ei4 on the right 
and as shown in Fig. 1. Let E+, and Eiz be of the same frequency and Eja and 
Ei4 be similar waves. 
FIG. I. Transmission line. 
The transmitted wave I$, is made up of the transmission of Eil through 
the structure, the reflection of El2 and the coupling of Ei3 and Z?:,, into El,. 
The other transmitted waves have contributions of the same type. 
Therefore the transmitted fields can be written as a matrix: 
&I U4 P&) ha@) k,,W Ei, 
E t2 = P21W t,,(x) M4 k24W K2 
El, M4 k,,(x) U4 us.&) -% ’ 
(1) 
Et, k&4 U4 POX) kd4 EL 
where the square matrix will be called the transmission or T matrix. 
Let the transmission line of Fig. I be extended by an amount AX as shown 
in Fig. 2. 
E13 EE3 - El3 
Et? 
Et4 E ill 
FIG. 2. Cascaded coupled line 
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The section of line AX has a transmission matrix T(A) where 
To find the transmission characteristics of the line of length x + AX, the 
transmission matrix T(dx) must be cascaded with T(X). Such a cascading 
process eliminates the prime variables of Fig. 2. To find T(x + AX), inter- 
change the second and third rows and columns of (1) and (2). The modified 
equations can then be written as: 
and 
where 
and 
S(h) U(h) E;,, 
I I W(h) R(h) Ei,,, ’ (4) 
To eliminate the prime variables, the signal flow graph for (3) and (4) are 
drawn with matrices for branch transmittances. The cascaded matrix 
T(x + AX) can be found directly from the signal flow graph. 
w U(x) W<Ax) UtAx) 
FIG. 3. Signal flow graph for cascaded line 
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The matrix elements of T(x + Ax) are 
[S(x + Ax)] = [S(Ax)] {[I] - [U(x)][W(Ax)])-’ [S(x)] (5) 
[R(s t- Ax)] = [R(x)] {[I] - [w(h)][u(x)]}--l [R(A.r)]. (6) 
[ qx -I-- Ax)] z_ [U(A.Y)] -1~ [S(Ax)] {[I] - [ L~(x)][W(Ax)]$-1 [ U(x)][W(Ax)] 
(7) 
[ rqs -4 Ax)] -= [W’(x)] -+ [R(x)] ([I] -.- [W(Ax)][ U(x)])- 1 [ rqAx)][s(s)]. 
(8) 
The cascaded I’(x -I-- AX) matrix is given by (5)-(8) and the scalar quantities 
h,(*y -I- Ax), P& + Ax), etc. can be found by noting their position in the 
7’ matrix and solving for that term. It should be pointed out that the row and 
column interchange made in (3) and (4) is still in effect. Thus, S(.r I AX) has 
the form 
t,,(x -+ Ax) k,,(s ~-- Ax) 
[We -t 41 = 1 k& + x) 7$,(.x -i-As) . 
III. FUNCTIONAL EQUATIONS 
Equations (5)-(8) will now be utilized to find the functional equations for 
coupling. The initial conditions on [S], [U], [HI], and [R] are 
[W>l = W)l = VI (9) 
[wol = vv)l = Kc (10) 
since no coupling or reflection will occur for a zero thickness medium. Now 
from the formal definition of a derivative and by (9)-(10). 
= lim s(Ax) - ’ 
Ax-0 Ax - := [B,] 
dR i-l dx _ lim R(Ax) - ’ x=0 Ax+0 AX - --= [ B2] 
dU 
l-l dx 
= lim u(Ax) - O = [A] 
5=0 Ax+0 AS 
(11) 
(12) 
(13) 
To find the functional equations the definition of the derivative is again 
used, where 
dS I-l _ lim S(x -I- Ax) -- S(x) ___~__ dx AZ-0 AX (15) 
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with the same operation for [RI, [Uj, and [JVj. Solving for the derivative of 
each of the matrices, and by using (9)-( 14) one finds 
dS I-I dx = RI [SC41 + vJ(x)l [cI[w4l 
= [WI Pzl + P(x)1 [Cl W41 
dW I I dx = F(~Wl [WI. 
The differential equations which each coefficient in the T matrix obeys is 
given by (16)-( 19). The two mode problem will give 16 differential equations 
since S, R, U, and ZVare 2 x 2 matrices. In general, the number of differential 
equations is 4(n)2 where n is the number of modes. 
IV. RECURSIVE EQUATIONS 
The functional equations for the coupling are differential equations and 
numerical techniques must be employed. The recursive equations are 
easier to handle since they are in a numerical form. 
Assume that the transmission line can be broken into discrete sections, 
each section having constant characteristics along the length dx. It is assumed 
that the coupling, reflection, and transmission changes occur only at the 
junctions between sections. Each section introduces a phase delay along the 
length but with no coupling. Once the recursive equations are known, the 
cascading process is used to find the characteristics of the line. 
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Suppose that the length of line x in Fig. 2 consist of n 1 discrete sections 
of length Ax. It is further assumed that the cascaded 1’ matrix for the n -~ I 
sections is known, the cascaded T(n ~- I) matrix will be denoted by the 
symbol h above the T. Let the nth section now be cascaded to the n -- I 
sections; the signal flow graph is shown in Fig. 4 for the line. Since the line 
consist of discrete sections of length Ax, there will be a phase shift e-jkAx 
between junctions. This phase shift has been represented by /I(n ~-. 1) where 
[,6n(n - I)] = / e-y1 O 1 p-jk,d, 1 
and 
for the two mode problem. For a higher-order mode problem, the diagonal 
terms will be of the form e-jkTAl with off diagonal terms zero. 
Proceeding along the same lines as for the continuous line, the recursive 
equations can be found: 
L%,l = [wlwl WYn - W(n - 1)l (22) 
VW = m - lNrl-l WV - 1 w(41 (23) 
[q41 = [cafe] t [s(n)~[~]-l p(n - l)i[o-(n - l)ipyn - l)i[wi (24) 
[F(n)] .-= [W(Tz - 1)] L- [I?(?2 - I)][&’ [pm@ - l)][?t’(n)][~(n - l)][S(n -- I)]. 
where 
[a]-” == ([I] - [P”(n - l)][G(n - l)][B”“(n -- l)][W(n)]}-~’ 
[y]--1 z-2 {[I] - [/3”‘(n - l)][W(n)][B”(n --. l)][C(?f ~ I)]}-‘. 
Thus, by knowing the four matrices for the n -. 1 cascaded line along with 
the matrices for the section to be added, the transmission characteristics can 
be found. 
V. CONCLUSIONS 
The coupled mode theory as developed here is useful in many areas of 
research. The theory has been used by Letton [S] to find the transmissivity 
of an inhomogeneous plasma sheet when electroacoustic waves are included 
in the analysis. To be of use in any particular problem, some method of 
deriving the coefficients must be available. There are several methods of 
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deriving these coefficients which will not be discussed here. The particular 
type of problem that is to be analyzed will place some constraints on how one 
goes about finding these coefficients. 
Other applications of the theory are currently being investigated. The 
results of these studies will be published at a later date. The theory appears 
to show promise in many areas of research. 
The author was supported by the National Science Foundation during 
much of this work and their support is appreciated. 
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